We formulate the rules for dimensional reduction of a generic finite temperature gauge theory to a simpler three-dimensional effective bosonic theory in terms of a matching of Green's functions in the full and the effective theory, and present a computation of a generic set of 1-and 2-loop graphs needed for the application of these rules. As a concrete application we determine the explicit mapping of the physical parameters of the standard electroweak theory to a three-dimensional SU(2)×U(1) gauge-Higgs theory. We argue that this three-dimensional theory has a universal character and appears as an effective theory for many extensions of the Standard Model.
Introduction
The properties of matter at high temperature are interesting for a number of experimental and cosmological applications. QCD at high temperature and density may be relevant for heavy ion collisions, while finite temperature phase transitions may play an important role in the evolution of the universe. In gauge theories, an entirely analytic perturbative study of the properties of high temperature matter is not possible due to the so called infrared problem in the thermodynamics of Yang-Mills fields [1] . A direct way to compute static equilibrium quantities at high temperature would be to do lattice Monte Carlo simulations in the 4d high temperature theory. However, in many interesting cases the use of the full 4d theory is difficult, if not impossible [2] .
These obstacles invoke a demand for a formalism which can solve in a constructive way the problems mentioned. Since a finite temperature equilibrium field theory is equivalent to a zero temperature Euclidean field theory with compact 4th dimension, the idea of the 4d → 3d dimensional reduction is natural [3] - [6] . Dimensional reduction means that some properties of the equilibrium high temperature plasma can be derived from a simpler 3d effective theory. The construction of the effective theory is free of IR problems. The 3d theory is purely bosonic, and may then be studied by non-perturbative methods, such as lattice MC simulations. In fact, the idea of dimensional reduction has been around for quite a long time [3, 4] . However, some concrete analytical results for the construction of the 3d effective theory have appeared only recently. They are relevant for the description of the high temperature electroweak phase transition [2] , [7] - [13] and high temperature QCD [14] - [19] .
The aim of the present paper is the formulation of the general rules of dimensional reduction in a constructive way. Namely, we present a set of 1-loop and 2-loop Feynman diagrams with the results of their computation which can be used for dimensional reduction in any gauge field theory. As an example we construct the 3d effective theory corresponding to the Standard Model of electroweak interactions. New elements here in comparison with [7] are the inclusion of fermions, and the direct relation of the parameters of the effective theory to the physical parameters of the EW theory (the physical Z and W boson, Higgs particle and top quark masses, the muon lifetime and the temperature). We also discuss the strategy for the derivation of the simplest possible effective theory for typical extensions of the electroweak theory, like the models with two Higgs doublets, and the Minimal Supersymmetric Standard Model.
The paper is organized as follows. In Section 2 we formulate the general notion of dimensional reduction and analyse the expansion parameters involved there. In Section 3 we present the building blocks for the construction of the effective theory. Section 4 contains the dimensional reduction of the Standard Model. In Section 5 we relate the parameters in the MS scheme to the physical parameters, thus completing the relation of 3d couplings to temperature and observables. Section 6 is a discussion. We argue there that the effective theory of most of the extensions of Standard Model is just the SU(2)×U(1)+Higgs model.
Dimensional reduction
The equilibrium properties of matter at high temperatures are related to Matsubara Green's functions of different field operators. By the concept of dimensional reduction we mean that with some accuracy, all the 4d static bosonic Green's functions in low energy domain (see below) can be computed with the help of some effective 3d field theory. Let us start with useful definitions.
Superheavy, heavy and light modes
In order to define dimensional reduction, consider a generic renormalizable field theory at high temperature containing gauge A µ , scalar φ and fermionic fields ψ,
Here the group indices are suppressed, δL contains the counterterms, and V (φ) is of the form
For power counting let us assume that λ ∼ g 2 and g Y ∼ g, where g, λ and g Y are the gauge, scalar, and Yukawa couplings, respectively. Write all 4d Matsubara fields in the form φ(x, τ ) =
ψ(x, τ ) =
where ω b n = 2nπT, ω f n = (2n + 1)πT are the 3d tree masses for the bosonic (φ n ) and fermionic (ψ n ) 3d fields. Consider the 1-loop corrections (for definiteness in the MSscheme) to the masses of the static modes φ 0 from the modes φ n =0 and ψ n . In general, they have the form m
where m 2 i is the zero-temperature mass of the scalar field evaluated at some scale µ m T (see below, and [7] ). In general, m 2 (T ) may be matrices, and in the discussion below we mean the eigenvalues of those. For the spatial components of the gauge fields γ i = 0, m 2 i = 0; for the temporal components of the gauge fields γ i = 0, m 2 i = 0; for the scalar fields γ i = 0, m 2 i = 0. Now, let us divide the masses into different categories depending on their magnitude at high temperature. The 3d masses of all fermionic modes and all bosonic modes with n = 0 are proportional to πT , and we will call these modes superheavy. The masses of the temporal components of the gauge fields A 0 are proportional to gT , and these modes are called heavy. The scalar fields can be separated in two different groups. If m 2 i is different from −γ i T 2 , the scalar mass is proportional to gT , and the field corresponding to this mass is "heavy". In the contrary, one may be close to a tree-level phase transition temperature so that γ i T 2 , and we call this field "light". We denote a generic light scalar mass by m 2 3 . All spatial components of the gauge fields are "light" because for them γ i = 0.
After these definitions we are ready to explain the conjecture behind dimensional reduction. Two levels of dimensional reduction are usually considered. On the first level the effective theory is constructed for the light and heavy modes (superheavy modes are "integrated out"). The second level is the theory for the light modes only. In this paper we require the 3d Lagrangian of the effective theory to be super-renormalizable, so that scalar self-interactions are at most quartic. The super-renormalizable character introduces an absolute upper bound on the accuracy of the description of the 4d world by a 3d theory, to be discussed below.
Two levels of dimensional reduction
The theory for light and heavy modes. This theory is valid up to momenta k ≪ T , but k may be as large as gT . Consider a (super)renormalizable 3d gauge-Higgs theory with the Lagrangian
where V 3 (φ, A 0 ) is of the form 
The gauge couplings g 3 have the dimension GeV 1/2 and the scalar couplings λ 3 the dimension GeV. To leading order, the parameter m D ∼ gT is nothing but the Debye mass. Consider bosonic static n-point one-particle-irreducible Matsubara Green's functions G (4) n ( k i ) for the light and heavy fields in the full 4d theory, multiplied by factor T n/2−1 to have the dimension GeV 3−n/2 , and depending on external 3-momenta k i . The statement of dimensional reduction is that there is a mapping of the temperature and the 4d coupling constants of the underlying theory to the 3d theory such that the 3d theory gives the same light and heavy Green's functions as the full 4d theory for k ≤ gT up to terms of order O(g 4 ),
Fourth order in g appears from a powercounting estimate of the contributions of the neglected 6-dimensional operators to typical Green's functions. (i) The problem of constructing an effective 3d theory giving an accuracy better than O(g 4 ) for all Green's functions is far from being trivial (if possible at all). It is clear, though, that if the theory exists, it must contain 6-dimensional operators, and the 4d-3d mapping for the light scalar modes must be done beyond 3-loop level.
(ii) Often dimensional reduction is done on the tree-level for the couplings and 1-loop level for the masses, i.e., at order g 2 . This 3d theory reproduces the 1-loop resummed effective potential for the Higgs field [20, 21, 22] . However, the relative uncertainty in the mass squared of the light scalar field is ∆m 
for the scalar mass, is needed [7] to reproduce the resummed 2-loop effective potential for the Higgs field [23, 24] . The accuracy g 4 corresponds to 1-loop accuracy in vacuum renormalization, and we will work with this accuracy throughout this paper. In a weakly coupled theory, the relative error
2 of the g 4 -calculation is numerically very small. In the Standard Model, the largest contributions arise from the top quark. (iii) For some quantities, such as the critical temperature and the observables in the broken phase, the g 4 computation described in (ii) gives a relative error of order O(g 4 ). Consider now the second level of dimensional reduction. The theory for light modes only. This theory is valid up to momenta k ≪ gT , but k may be as large as g 2 T . The Lagrangian for this theory is just
where V 3 (φ) is of the form
Only light scalar fields are present. The effective field theory can provide the accuracy
This estimate arises as follows: there are neglected 6-dimensional operators of the form , the relative error is O(g), which is also the relative error in the Green's functions. Numerically, O(g) ∼ g/4π is small in a weakly coupled theory. Note that since the theory in eq. (6) is purely bosonic, there are no large fermionic corrections.
(iii) The procedure described in (ii) provides O(g 3 ) accuracy in the critical temperature and the broken phase observables.
Concrete numerical estimates of the accuracy of the effective field theory depend on the observable and on the details of the model. Some estimates for the electroweak theory were presented in [2, 7, 8] , and we add some more in Section 5.4.
Dimensional reduction by matching
The definition of dimensional reduction described above provides a method of mapping the 4d theory on the 3d one. One just writes down the most general 3d superrenormalizable Lagrangian for the heavy and light modes, and defines its parameters by matching to a specified accuracy the 2-, 3-, and 4-point Green's functions in the 3d effective theory and in the underlying 4d fundamental theory. The Green's functions to be matched correspond to those appearing in the 3d Lagrangian. For the 2-point functions one needs the momentum dependent part, but the 4-point functions may be taken at vanishing external momenta. Due to gauge invariance, the 3-point functions are not needed at all. The scalar Green's functions with vanishing momenta are most conveniently generated from an effective potential.
Consider in some more detail the renormalized 2-point function for the light scalar field. In the full 4d theory, it is of the form
and we want to match it to the corresponding function in the 3d theory:
Here Π 3 (k 2 ) is the contribution of the light and heavy modes only, and Π(k 2 ) represents all other contributions (corresponding 2-loop graphs contain at least 2 superheavy lines) 6 . Since there are no IR-problems related to the integration over the superheavy modes, Π(k 2 ) is analytic in the external momentum k 2 , and can for k ≪ T be expanded 6 To be precise, one must use resummation to produce the correct Π 3 (k 2 ) in eq. (12) ; however, this is not relevant for the present argument.
Here the Π's are of order g 2 and if we restrict to k ≤ gT , the higher-order contributions O(g 2 k 4 /T 2 ) are at most of order g 6 T 2 and can be neglected. Assuming that Π(0) has been calculated to 2-loop accuracy [T 2 (g 2 + g 4 )] and Π ′ (0) to 1-loop accuracy g 2 , one can rewrite the right-hand-side of eq. (12) as
where
and only terms up to order g 4 T 2 are kept. The matching of eqs. (13) and (15) can now be carried out by relating the normalizations of the fields in 3d and 4d through
and by relating the masses as
which is the order g 4 result for m . The other coupling constants can be fixed similarly, using the appropriate correlators and taking always into account the different normalizations of the fields in 4d and 3d. The 3d theory relevant for the Standard Model is constructed in this way in Sec. 4 .
The general structure of the relationships of the 4d and 3d parameters is determined by the super-renormalizable character of the 3d theory. The 4d couplings and masses are functions of the 4d MS parameter µ 4 , but the 3d scalar and gauge coupling constants are renormalization group (RG) invariant, since the 3d theory contains only mass divergences. For example, on the 1-loop level the relationships of the 4d and 3d coupling constants must have the form
where c g 2 and c λ are definite fixed functions of physical parameters computable in perturbation theory (see below), and the β's are the corresponding β-functions. The scalar masses in the effective 3d theory, on the other hand, are not RG-invariant, but require ultraviolet renormalization on the 2-loop level. Just dimensionally, the renormalized mass parameters are of the form
where f 2m ∼ g For clarity, let us point out that µ 3 in eq. (19) is independent of the µ 4 of the 4d theory, since the bare mass parameter produced by the dimensional reduction step is RG-invariant. In Sec. 3 we present a set of rules, together with a computation of the necessary Feynman diagrams, allowing one to define the mapping of 4d on 3d (at 1-loop level for coupling constants and 2-loop level for masses) for an arbitrary gauge theory.
An important comment is now in order. The matching procedure of dimensional reduction described above is different from the initial [3] method of dimensional reduction which is defined as the sequence of the following steps: (i) Define a 3d bosonic effective action as
where integration over all superheavy modes is performed.
(ii)Make a perturbative computation of S eff and represent it in the form
where L eff (T ) is a renormalizable 3d effective bosonic Lagrangian with temperaturedependent constants, O n are operators of dimensionality n, suppressed by powers of temperature, c is a number related to the number of degrees of freedom of the theory and V is the volume of the system. (iii) Drop all the terms O n . The effective action contains then light and heavy fields. The final step is the integration over the heavy modes in a way described in (i).
The difficulties with the procedure described above, arising at 2-loop level, have been pointed out, e.g., in [25, 26] . The problems are due to steps (ii) and (iii), since step (i) produces non-local operators which cannot be expanded in powers of p 2 /T 2 . In terms of graphs, in the procedure of eq. (20) the internal lines of the Feynman diagrams are always superheavy (or heavy). For example, the only scalar diagram contributing to the scalar mass renormalization on the 2-loop level is shown in Fig. 1 .a. In the Green's function approach the extra graph in Fig. 1 .b, containing two superheavy and one light internal lines appears. As is pointed out in [7] this diagram does not vanish in the high temperature limit, and therefore, gives a contribution to the 3d mass. Physically, the reason is that light fields can have high momenta p ∼ T when they interact with the superheavy fields. The need to include light fields in the internal lines of many-loop graphs in order to establish a useful local effective field theory, is also well known in the context of large-mass expansion in zero-temperature field theory (see, e.g., [27] ).
When we speak of "integrating over" the superheavy or heavy scale below, we always mean the matching procedure for the Green's functions described in this Section.
Building blocks for dimensional reduction
In this Section, we give results for the typical diagrams appearing in the construction of the effective 3d theory. We account here for the momentum integrations and spin contractions; the isospin contractions, combinatorial factors, and coupling constants relevant for the Standard Model are added in Sec. 4 . We work in Landau gauge, where the vector propagators are transversal. The wave function normalization factors relating the 4d and 3d fields depend on the gauge condition [6] , but the final parameters of 3d theory are gauge-independent at least to the order in which we are working [7, 9] . Landau-gauge is a convenient choice since it reduces the number of diagrams considerably: an external scalar leg with vanishing momentum cannot directly couple to a vector field, since the vertex is proportional to the loop momentum, and hence gives zero when contracted with the transversal vector propagator.
We will work throughout in Euclidian space. The conventions for the Euclidian γ-matrices γ µ in terms of the Minkowskian matrices γ µ are that 
We define a R,L = (1 ± γ 5 )/2. The general form of the theory is the following. There are scalars φ, vector fields A a µ , ghosts η a , and fermions ψ. In the symmetric phase, only the scalar fields have a mass parameter; any mass parameters are inessential to dimensional reduction, though, since we assume m ∼ gT so that masses contribute at higher order . The propagators are
Defining
where f abc is antisymmetric, the theory has the following types of vertices. The selfinteractions of vector fields are due to vertices of the form
In the actual calculation one only needs the expression
where α is not summed over, so that the isospin part separates for the quartic vertex as it does for the cubic one. Fermions interact through vertices of the type
and the scalar vertices are of the form
In the above formulas, momentum conservation is implied. The isospin indices are suppressed in eqs. (27) and (28) . It turns out that for the calculations in this paper it is sufficient to treat explicitly only the first and third vertex in eq. (27), since the other two give results differing only by trivial numerical coefficients. In addition to the renormalized vertices, one needs counterterms. The wave function counterterms are denoted by δZ S = Z S − 1 (and similarly for the other fields), where
and
The only mass counterterm in the symmetric phase is δm 2 S . In the broken phase, the shift in the scalar field generates mass counterterms for vectors and fermions, as well. The coupling constant counterterms are denoted by δg 2 , δλ and δg Y , and are defined by
Integration over the superheavy scale
In this Section we construct a local 3d effective field theory which contains the bosonic n = 0 Matsubara modes only, and produces the same static Green's functions as the full 4d theory with the required accuracy. As explained in Sec. 2, the recipe is to first identify the general structure of the effective theory, and then to compare static correlators calculated from the 3d and 4d theories. The structure of the effective theory differs from the tree-level action for n = 0 modes in the 4d theory in that the absence of Lorentz symmetry allows the temporal components of the gauge fields to develop mass terms and quartic self-interactions. At 1-loop level, the construction of the 3d theory proceeds simply by calculating the effect of fermions and n = 0 bosons to two-, three-, and four-point correlators of the static modes. At 2-loop level, there can be n = 0 modes in the loops, as well, and hence one must carefully compare the correlators in the two theories. In Sec. 3.1.2 we calculate how the 3d fields are related to the 4d fields, in Sec. 3.1.3 we compute the effective couplings of the gauge sector, in Sec. 3.1.4 we address the fundamental scalar sector, and in Sec. 3.1.5 we study the adjoint scalar sector, which is composed of the temporal components of the gauge fields.
Notation and basic integrals
To give results for the diagrams appearing in the integration over the superheavy fields, we use the following notation:
The theory is regularized in the MS-scheme, µ is the corresponding scale parameter.
The basic integrals appearing in 1-loop integration over the superheavy modes are the following. The fermionic and bosonic tadpole integrals, to the accuracy they are needed, are [23] 
Taking derivatives with respect to mass squared and temperature in eqs. (32), (33), one can derive other integrals. In the end one can put the masses in the propagators to zero, since the integrals over superheavy modes are analytic in the mass parameters, and hence the effect of higher orders is suppressed by m 2 /T 2 . The dependence on external momenta is likewise analytic, and can be expanded in k 2 /T 2 . Since all the parameters of the effective theory are at most of order gT , higher order contributions in k 2 /T 2 can only produce contributions suppressed by coupling constants. The masses will play a role only in Sec. 3.1.4, where we calculate integrals over superheavy modes not directly, but by using the effective potential; the needed integrals are given there. The required massless integrals are
Here we did not write µ −2ǫ explicitly and neglected the higher-order contributions in k 2 /T 2 . For the fermionic case one simply replaces 1/ǫ b by 1/ǫ f everywhere in eq. (34).
Wave function normalization
Let us calculate how the 3d fields are related to the 4d fields. This is to be done on 1-loop level. In practice, one has to calculate the contribution of the superheavy modes to the momentum-dependent part of the two-point correlator of the light and heavy modes. Indeed, the contribution of the light and heavy modes is the same in the full theory and the effective theory, whereas the contribution of the superheavy modes can be produced in the effective theory only by a different normalization of the fields. The generic diagrams needed for the scalar correlator, and for the temporal and spatial components of the vector correlator, are shown in Figs. 2.a and 2.b. To determine the wave function normalization factor, one needs only the parts proportional to k 2 from these diagrams. We identify the diagram by the types of propagators that appear in it, S, V, F, and η denoting the scalar, vector, fermion and ghost propagators. Counterterm contributions are denoted by CT. After some simple algebra one gets for the diagrams of Fig. 2 .a the results
When the correct coefficients are taken into account, the counterterm contribution Z φ CT cancels the 1/ǫ-parts from the two other contributions, since there is no wavefunction renormalization in the 3d theory. The remaining L b -and L f -terms determine the relation of the 3d fields to the 4d fields. Explicit expressions for the EW theory are given in Sec. 4.
For the vector correlator, the spatial and temporal components have to be calculated separately. For the spatial components, one only needs to calculate the transversal part, and hence the longitudinal part is not displayed below. The symbols J 
To give the two remaining contributions Z VV , we note that
where, apart from terms proportional to k µ , [28] 
Here we utilized the symmetry of the integrand in the change p → −p − k. The results for the k 2 -terms can then be seen to be
The constant 2/3 in eq. (49) comes from −8ǫJ
ij . When all the contributions are summed together with the correct coefficients, the counterterm contributions Z A CT again cancel the 1/ǫ-parts.
The couplings of the gauge sector
To calculate the couplings of the gauge sector, one has to study some vertex to which the gauge fields couple. The spatial gauge fields feel only one coupling constant g 2 3 due to gauge invariance. The interaction of the temporal components of the gauge fields with the other scalar fields is not protected by gauge invariance, and hence the corresponding couplings may differ from g 2 3 . We calculate the couplings related to the gauge fields from a four-point correlator, since the external momenta may then be assumed to be zero. In practice, it is most convenient to choose the (φφAA)-correlator, since then one gets the two couplings related to the (φφA i A j )-and (φφA 0 A 0 )-vertices from almost the same calculations. The diagrams needed are shown in Fig. 3 . The results are (G 0 is the tree-level contribution)
The counterterm contributions
CT cancel the 1/ǫ-parts from the other contributions, since there is no coupling constant renormalization in the 3d theory. The final result for the 3d couplings then consists of the tree-level result corrected by logarithmic terms and constants.
The couplings of the fundamental scalar sector
To derive the 3d mass and self-coupling of the φ-field, one has to calculate the effect of the superheavy modes on the two-and four-point scalar correlators with vanishing external momenta. These contributions can most easily be derived by calculating the effective potential V (ϕ) for the scalar field, and extracting from it the part coming from the superheavy modes. The effective potential contains the one-particle-irreducible Green's functions G n at vanishing external momenta through V (ϕ) = n (1/n!)G n ϕ n , so that the terms quadratic and quartic in ϕ give the two-and four-point correlators.
The usefulness of V (ϕ) lies in the fact that the combinatorial factors associated with it are simpler than those associated with a direct evaluation of Feynman diagrams.
Since the superheavy modes do not suffer from IR-problems, their contribution to the effective potential is analytic in the mass parameters appearing in the propagators. In contrast to the direct evaluation of superheavy contributions in the previous sections, the masses cannot here be neglected, though, but are quite essential: the mass parameters depend quadratically on the shifted field ϕ, so that terms of the form T 2 m 2 , m 4 determine the two-and four-point scalar correlators. To get the quartic coupling, it is enough to extract the m 4 -term from the 1-loop effective potential. For the mass parameter m 2 3 , however, one needs a 2-loop calculation. Let us note that to get the correct result to order g 4 for V (ϕ) actually requires resummation [23] . This can be done by adding and subtracting from the Lagrangian the 1-loop thermal mass terms
where the bar indicates that only contributions from the superheavy modes are included. The terms added to L with plus-signs are treated as tree-level masses, whereas the terms subtracted with minus-signs are treated as counterterms. For the present problem, however, resummation is inessential, since it affects only the contributions coming from the n = 0-modes. In other words, it is sufficient to know which contributions to V (ϕ) come from 3d, but the exact expressions are not needed. Hence the thermal corrections to masses may be neglected, allowing one to treat the temporal and spatial components of the gauge fields as having the same mass, which simplifies the expressions somewhat. Just for cosmetic reasons, one might wish to calculate the 1-loop contributions from the thermal counterterms, though, since they cancel the linear terms of the form mT 3 in the unresummed 2-loop V (ϕ), see below. To calculate V (ϕ), one shifts φ → φ + ϕ, neglects linear terms, and calculates all the one-particle-irreducible vacuum diagrams. The masses of the scalar, vector and fermion fields, respectively, are of the form
where n 1 , n 2 , n 3 are some numerical factors. The propagators in eq. (23) change accordingly. The ghosts remain massless in Landau gauge. The shift generates mass counterterms (δm 2 , δM 2 and δm f ) from the corresponding coupling constant counterterms, as well.
To calculate the 1-loop contribution to V (ϕ), one needs the integrals [23] 
The terms suppressed by T 2 and neglected in eq. (66) are
and give the higher order operators discussed in Sec. 5.4. In the 3d theory, the integral corresponding to J b (m) is
which is just a part of J b (m). With these integrals, one can write the typical scalar, vector and fermion contributions C S (m), C V (M) and C F (m f ) to V 1 (ϕ), and separate from these the 3d-part. The massless ghosts do not contribute. The results are
where C , and the coefficient of ϕ 4 /4 the 1-loop result for λ 3 . In this simple way, the couplings of the fundamental scalar sector in the effective 3d theory get fixed at 1-loop order.
Next we go to 2-loop level, which is required for the mass m 2 3 . In general, there are three classes of diagrams (see, e.g., Fig. 23 in [23] ) contributing at order g 4 : the sunset diagrams, the figure 8 -diagrams, and the 1-loop counterterm diagrams. The counterterm diagrams can contain either the mass or the wave function counterterm. The general strategy is the same as at 1-loop level: from each bosonic diagram, one separates the contribution coming from the n = 0 modes, since this contribution is reproduced by the 3d theory. The remaining part, analytic in the mass parameters, is not reproduced by the 2-loop diagrams of the 3d theory, and must hence be due to corrections to the tree-level parameters of the 3d theory. The fermionic diagrams do not appear in the 3d theory, but they are IR-safe, and hence directly produce terms analytic in the mass parameters, contributing to m 2 3 . We will first give the basic integrals appearing in the calculation, and then the results for the contributions of the superheavy modes to all the different types of diagrams that can appear.
The bosonic tadpole integral is
where (32) and the 3d integral is
The fermionic tadpole integral I f (m) is given in eq. (33) . The products appearing in the 2-loop diagrams, apart from inessential vacuum terms, are
The bosonic sunset integral is [7, 29] 
vanishes [23] .
There is also a third integral, L(m 1 , m 2 ), appearing in the 2-loop graphs [23] . Apart from vacuum terms, it is given by
However, this integral does not contribute to the integration over the superheavy scale in the Standard Model, since it is cancelled between the figure 8 and sunset diagrams containing only SU(2) vector fields (D VV and D VVV below) [23] . Using the given integrals and results from [23] for the 2-loop diagrams, one can write down the contributions from the superheavy modes to all the possible types of 2-loop diagrams. We give here explicit results only for the simplest mass combinations in the propagators, relevant for Sec. 4; the results for the cases with other masses can be read by using eqs. (74)-(77) and Appendix A of [23] . As stated above, we need not bother about resummation. The results are
In the expressions for D VVV and D FFV , we used r as a shorthand for −p − q. The tilde overD In addition to the diagrams mentioned above, one may calculate the thermal counterterm diagrams. According to eq. (64), they give contributions of the form
These contributions cancel the linear terms proportional to T 2 I 3 (m), T 2 I 3 (M) in eqs. (81)-(93). After this cancellation, all that is left is terms proportional to the masses squared. Using eq. (65), such terms give the coefficient of ϕ 2 /2, i.e., the mass m 
The couplings of the adjoint scalar sector
The couplings of the adjoint scalar sector could be calculated from an effective potential as for the fundamental scalar sector, but for completeness we calculate them directly from Feynman diagrams. We make here just a 1-loop calculation. 
Note that E (32), (34) , the diagrams in Fig. 4 give
For A
SS , A
VV , A
ηη , and A
FF , the integrand was obtained from eqs. (40), (47), (42), and (44) by putting k → 0. In the final result, the 1/ǫ-parts cancel between A 
× 2δ 00 δ µσ − 2δ 0µ δ 0σ 2δ 00 δ νρ − 2δ 0ν δ 0ρ
Again the 1/ǫ-parts cancel when the correct coefficients are included, since there are no coupling constant counterterms in the 3d theory.
Integration over the heavy scale
The integration over the heavy scale proceeds analogously to the integration over the superheavy scale. Instead of an infinite number of excitations with masses ∼ πT , there are now a finite number of fields with masses m D ∼ gT . The heavy fields include, in particular, the temporal components A 0 of the gauge fields. The heavy fields are scalars in the effective 3d theory, so no gauge fixing is needed for the integration. The general form of the resulting theory differs from the starting point only by the absence of the heavy fields, so that the final theory is the light bosonic sector of the original 4d theory, but in three spatial dimensions. There are three kinds of vertices which the heavy field A 0 feels. The interactions with the spatial gauge fields follow from eq. (25) , and are of the form
where G abcd ij00 ∝ δ ij . Here g 3 denotes the dimensionful 3d gauge coupling, and the fields have also been scaled by T to have the dimension GeV 1/2 . In addition to eq. (110) there are different quartic scalar vertices. One of the scalar vertices, the quartic selfinteraction of A 0 , can be neglected, since the coupling constant is of order g 4 , and would appear only inside 2-loop graphs where it is further suppressed by other couplings.
The integration measure in 3d is denoted by dp
The A 0 -propagator in the symmetric phase is
The basic integrals needed areĪ 3 (m), which is just eq. (73) without T , together with B(k 2 ; m 1 , m 2 ) and J ij , defined by
− dp
Using these integrals, the task is to calculate the corrections from m D to the parameters of the final theory in powers of g Let us start with wave function normalization. Since the fundamental scalar field interacts with A 0 only through quartic vertices, there is no momentum-dependent correction from the A 0 -field to the φ-correlator. Hence the normalization of φ does not change. The momentum-dependent correction to the A i -correlator comes from the diagram with two internal A 0 -propagators, and is, in analogy with Z A i SS in eq. (41),
The heavy propagators are denoted by L.
To fix the gauge coupling, one can calculate the contributions of A 0 to the (φφA i A j )-vertex. There are two types of diagrams, in analogy with G 
G LLL = dp
It is very easy to calculate the 1-loop corrections to the parameters of the scalar sector, since the field one is integrating over is itself a scalar. Hence the diagrams can give justĪ 3 (m D ) or B(0; m D , m D ). For the mass parameter, one needs again a 2-loop calculation, and it is best to employ the effective potential. After the shift, the mass of the heavy field is of the form m 
There are four types of possible 2-loop diagrams, and they give [7] D LS (m) = dp dq
D LLV (M) = dp dq 
Dimensional reduction in the Standard Model
In this Section we add the correct coefficients, relevant for the Standard Model, to the generic results of Sec. 3. The coefficients are composed of combinatorial factors, group theoretic factors from isospin contractions, and of coupling constants. We also explain in detail how the final 3d theory is constructed.
Notation
We treat the Standard Model with the Higgs sector
in the following consistent approximation. We take g Y = 0 only for the top quark, so that the Yukawa sector is
HereΦ = iτ 2 Φ * , τ 2 is a Pauli matrix, and Φ is the Higgs doublet. The gauge couplings are denoted by g, g ′ , and g S . We use the formal power-counting rule g ′2 ∼ g 3 , and keep contributions only below order g 5 . This allows one to neglect g ′2 e.g. inside 1-loop formulas of vacuum renormalization, so that m W = m Z there.
Most of the counterterms of the Standard Model can be read from eq. (A11) of [23] . For completeness, let us state the bare parameters of the Higgs sector, since the terms proportional to λ were neglected in [23] :
Here the coupling constants have not been scaled to be dimensionless in contrast to [23] . Note that our convention for λ differs from [23] additionally by the factor 6. Let us also write down a few useful combinations of the bare parameters:
Within our approximation, the Standard Model contains five running parameters,
, and g 2 S (µ). The first four run at 1-loop order as
Here n F = 3 is the number of families and N s = 1 is the number of Higgs doublets. The running of the strong coupling g S is not explicitly needed for the present problem, since g S appears only inside loop corrections. The running of g ′2 is of higher order according to our convention. The fields Φ, A and ψ run as well, and the formulas can be extracted, e.g., from eqs. (127)- (130), (131)-(134).
To simplify some of the formulas below, we will use extensively the notation 
Integration over the superheavy scale
For the SU(2)+Higgs model, the formulas for dimensional reduction to order g 4 have been given in [7] . We add here the effect of fermions, and correct an error coming from [6] .
Due to 3d gauge invariance, the effective 3d theory is of the form
The τ a :s are the Pauli matrices. The factor 1/T multiplying the action has been scaled into the fields and the coupling constants, so that the fields have the dimension GeV 1/2 and the couplings g 
where the Z φ 's are from eqs. (35)- (37) . For the spatial and temporal components of the gauge fields one gets
where the Z A 's are from eqs. (38)- (49). This gives
The Z's here correspond just to Π ′ (0)k 2 in eq. (14) . Hence the wave functions in the 3d action are related to the renormalized 4d wave functions in the MS-scheme by
4n
The factor 1/T arises because of the rescaling in eq. (136). The loop corrections to the normalization of B 0 are of higher order according to our convention. When the running of fields in 4d is taken into account, φ 3 , A (143) is missing in [7] , due to an error in eq. (6.3) in [6] . This error propagates to g 2 3 and h 3 ; the correct result for g 2 3 is also given in eq. (6) of [18] . Second, let us calculate the 1-loop corrections to the coupling constants of the gauge sector. The couplings g 
This gives the effective vertices
where the fields are those of the 4d theory. When the fields are redefined according to eqs. (141)- (143) and the vertex is identified with the corresponding vertex in eq. (136), one gets the final result for the coupling constants g 2 3 and h 3 :
As to the Higgs sector, the 1-loop unresummed contribution to the effective potential in Landau gauge is
where the C's are from eqs. (69)-(71). The masses appearing in V 1 (ϕ) are
From the term quartic in masses in V 1 (ϕ), one gets the n = 0 contribution to the four-point scalar correlator at vanishing momenta. Redefining the field φ according to eq. (141), the coupling constant λ 3 is then
The coefficient of ϕ 2 /2 in V 1 (ϕ) gives the 1-loop result for the scalar mass squared. The result is the term of order g 2 on the first line of eq. (156). For the 2-loop contribution to the mass squared m 
where the mass counterterms needed for calculating D S , D V , and D F include those generated by the shift. The ı ǫ 's from the different diagrams cancel in the sum. The linear terms of the form T 2 I 3 (m) are cancelled by the thermal counterterms as explained after eq. (94). Apart from vacuum terms, the terms with 1/ǫ's combine to ϕ 2 /2 multiplied by
which is the order g 4 -result for the mass counterterm of the 3d theory. However, one can add higher-order corrections to the mass counterterm by calculating the mass divergence directly in the 3d theory, obtaining
This agrees to order g 4 with eq. (152) and is the final result for δm 
the result after redefinition of fields is 
FF .
For the SU(2)-field A 0 , one gets
Using eqs. (102)-(109), the four-point correlator is
VVV − A
VVVV + 2A
FFFF .
Since there is no tree-level term corresponding to the correlators in eqs. (157)- (159), the redefinition of fields in eq. (142) produces terms of higher order. The final results can then be read directly from eqs. (157)- (159):
In principle, the mass m 2 D should be determined to order g 4 to be compatible with the accuracy of vacuum renormalization. We have, however, not made this calculation, since the effect of g 4 -corrections to m 2 D contributes in higher order than g 4 to the Higgs field effective potential V (ϕ), which drives the EW phase transition.
Using eqs. (131)- (134), one sees that the quantities g [7] . Note also that the µ in m 2 3 (µ) is independent of the µ used in the construction of the 3d theory (although the notation is the same), since the bare mass parameter m 2 3 (µ) + δm 2 3 , being the sum of eqs. (153) and (156), is independent of µ.
Integration over the heavy scale
The action in eq. (136) can be further simplified by integrating out the A 0 -and B 0 -fields. The masses of these fields are of the order gT and g ′ T ∼ g 3/2 T , respectively. The resulting action is of the form in eq. (136) with the A 0 -and B 0 -fields left out and the parameters modified. There are no infrared divergences related to this integration, either, since the A 0 -and B 0 -fields are massive. We denote the new parameters by a bar. For the SU(2)-Higgs model, the relations of the old and the barred parameters have been given in [7] .
The calculation of the barred parameters proceeds in complete analogy with dimensional reduction. At 1-loop level, there is no momentum-dependent correction from the heavy A 0 -and B 0 -fields to the φ 3 -correlator, so thatφ 3 = φ 3 . The momentumdependent correction to the A i -correlator is
LL is from eq. (115), so that
The field B 0 does not get normalized, since B 0 and B i do not interact. To findḡ 
which givesḡ
The coupling g 
This givesλ
.
The 1-loop corrections to the scalar mass parameter are
giving the first line in eq. (174). To calculate the 2-loop corrections, one needs the effective potential. The 2-loop contribution from the heavy scale to the effective potential is
where the D's are from eqs. (119)- (122) and we used g ′2 ∼ g 3 . The 1/ǫ-parts modify the mass counterterm of eq. (153) to become
However, one can again include higher order corrections by calculating the counterterm directly in the final theory, getting 
Finally, the renormalized mass parameterm 
where we used eq. (156) and included higher order corrections in the logarithmic term on the last line. Eq. (174) completes the evaluation of the couplings of the 3d SU(2)×U(1)+Higgs theory.
Relation of the MS-scheme and Physics in the Standard Model
In Sec. 4, we have given the relations of the running parameters in the MS-scheme to the parameters of the effective 3d theory with accuracy g 4 . For this accuracy to be meaningful, the running parameters in the MS-scheme should be expressed with accuracy g 4 in terms of true physical parameters, like pole masses. We give these relations in the present Section.
The accuracy g 4 requires 1-loop renormalization of the vacuum theory. The 1-loop renormalization of the Standard Model is, of course, a well studied subject. Usually, however, one does not use the MS-scheme we have employed above, but the so called on-shell scheme [30, 31, 32, 33] . In the on-shell scheme, the divergences appearing in the loop integrals are handled with dimensional regularization as in the MS-scheme, but the finite parts of the counterterms are chosen differently. Indeed, the renormalized parameters are chosen to be physical and independent of µ. For instance, the renormalized mass squared of the scalar field is ν 
Here m H and m W are the physical pole masses of the Higgs particle and the W boson, and
where α is the electromagnetic fine structure constant defined in the Thomson limit, and m Z is the physical pole mass of the Z boson. The parameters c W and s W are just shorthand notations without any higher order corrections.
To convert results from the on-shell scheme to the MS-scheme, let us note that since all physical quantities derived in the two schemes are exactly the same, the bare Lagrangians, including the counterterms, must be the same. In particular, all the bare parameters of the theories must be the same (often the wave function renormalization factors are not even needed, see e.g. [30] ). For the gauge coupling this means
that is,
The counterterm δg 2 (µ) of the MS-scheme cancels the 1/ǫ-parts in δg 2 os , so that eq. (178) is finite. In this way, the running parameters in the MS-scheme can be expressed in terms of physical parameters. We shall work out the explicit expressions in some detail below; the reader only interested in the final numerical results for the 3d parameters in terms of the physical 4d parameters may turn to Sec. 5.3. 
The parameters
HereΠ means the unrenormalized but regularized self-energy. This equation is gaugeindependent, since δe os and the self-energies at the pole are [30] . However, a reliable estimate of eq. (179) cannot be given purely perturbatively, since the expression for δe os contains the photon self-energyΠ γ (k 2 )/k 2 evaluated at vanishing momentum k 2 . Indeed,Π γ (k 2 )/k 2 includes logarithms of all the small lepton and quark masses, as is seen e.g. in eq. (5.40) of [32] . This indicates that strong interactions are important for δe os . There exists a standard technique of expressing the hadronic contribution to δe os in terms of a dispersion relation, and hence δe os is known with very good accuracy [33, 34] in spite of strong interactions. We find it convenient, though, to write the expression for δg 
The α-corrections here account for the QED-corrections to muon decay in the local Fermi-model. On the other hand, calculating the muon lifetime in the Standard Model, one gets a prediction for the G µ of eq. (180) [30, 31, 32, 33] : [33, 34] . For fixed m t and m H , the estimated uncertainty in the value of m W determined this way is only of the order of 0.01 GeV [33, 34, 35, 36] . This is much smaller than the present experimental uncertainty in the W mass, m W = 80.22 ± 0.18 GeV [34] . In other words, with the present accuracy in the determination of m W , one should replace m W as an input parameter with the hadronic contribution to δe os . The m W obtained this way is shown in Table 5 .1 as a function of m t and m H for α S = 0.125. 
Here we used g ′2 ∼ g 3 , and defined g [31, 33, 34] for the large correction is that g 2 os is defined in terms of the fine structure constant α measured at vanishing momentum scale, whereas the momentum scale of weak interactions is m The function F (k; m 1 , m 2 ) in eq. (183) has been defined in [32] , and its explicit form is given in eq. (187). Note that from eqs. In analogy with the definition for g 2 0 , we define the U(1) coupling to be
The value of g ′2 is larger than the value of g ′2 os , corresponding again roughly to α EM running from the Thomson limit q 2 = 0 to the electroweak scale. 
For m H < 2m W , the only formula needed in the region where it develops an imaginary part, is F (m 1 ; m 2 , 0). With the help of F (k; m 1 , m 2 ), one can write down the special values Numerically, the properties of the 3d SU(2)×U(1)+Higgs theory relevant for the EW phase transition can be presented as a function of the physical parameters through a few figures. First, put m Z → m W so that g ′ = 0. Then the final 3d theory has three parameters: the scale is given byḡ 2 3 , and the dynamics is given by the two dimensionless ratios x =λ 3 /ḡ 2 3 , y =m is given as a function of m H and T in Fig. 7 , and the parameters x and y are given in Fig. 8 . The phase diagram of the theory with the parameters x, y, together with the values of the latent heat, surface tension and correlation lengths in units ofḡ 2 3 , have been studied with lattice MC simulations in [50] .
Finally, one has to account for the effect of the U(1)-subgroup on the EW phase transition. Since there are no lattice simulations available for the 3d SU(2)×U(1)+Higgs model, the best one can do is to estimate the effect of the U(1)-subgroup perturbatively. In Fig. 9 , we display the percentual perturbative effect of the U(1)-subgroup on the critical temperature T c , the vacuum expectation value of the Higgs field v, the latent heat L, and the surface tension σ as a function of the physical Higgs mass. Using the non-perturbative values for the case g ′ = 0 from [50] , one can then derive results for the full Standard Model.
The effect of higher-order operators
In Landau gauge in the Standard Model, the dominant 6-dimensional φ 6 -operators related to the integration over the superheavy scale are 
These follow from eq. (67) in Sec. 3. A complete list of the dominant fermionic contributions to the other 6-dimensional operators has been worked out in [41] . The dominant φ 6 -operator related to the integration over the heavy scale is 
The 6-dimensional operators are neglected in the effective theories discussed in this paper, and their importance has to be estimated. It is rather difficult to estimate the effect of the 6-dimensional operators comprehensively, apart from the powercounting estimate in Sec. 2. What can be done easily, though, is an evaluation of the shift caused by the φ 6 -operators in the vacuum expectation value of the Higgs field. A generic 6-dimensional operator O (6) = cφ 6 /T 2 produces the term δV = cϕ 6 /T 2 to the effective potential V (ϕ). Through
the relative shift induced is δϕ ϕ = − δV 
The contributions from the top quark are seen to be dominant, and in the region where ϕ/T ∼ 1, the effect of the corresponding 6-dimensional operator is of the order of one percent. Note that from the point of view of the 6-dimensional operators, the integration over the heavy scale is relatively better than the integration over the superheavy scale, although in terms of powers of coupling constants, the accuracy is worse. We conclude that the final 3d effective theory for the light fields should give results accurate within a few percent for all thermodynamic properties of the phase transition, like the latent heat, the surface tension, and the correlation lengths. For the critical temperature, the accuracy should be an order of magnitude better. In the pure SU(2)+Higgs theory without fermions, the accuracy of the theory with light and heavy fields should be better than 1% for all thermodynamic properties.
Discussion
The set of diagrams described and computed in Section 3 is sufficient to make a dimensional reduction of a large class of theories. In particular, it can be used for a construction of an effective 3d theory for different extensions of the Standard Model. Below we will argue that in many cases the effective theory appears to be just the SU(2)×U(1)+Higgs model. We do not attempt to carry out the necessary computations here and discuss the general strategy only. Let us take as an example the two Higgs doublet model. The integration over the superheavy modes gives a 3d SU(2)×U(1) theory with two Higgs doublets, one Higgs triplet and one singlet (the last two are the zero components of the gauge fields). Construct now the 1-loop scalar mass matrix for the doublets and find the temperatures at which its eigenvalues are zero. Take the higher temperature; this is the temperature near which the phase transition takes place. Determine the mass of the other scalar at this temperature. Generally, it is of the order of gT , and therefore, is heavy. Integrate it out together with the heavy triplet and singlet -the result is the simple SU(2)×U(1) model. In the case when both scalars are light near the critical temperature a more complicated model, containing two scalar doublets, should be studied. It is clear, however, that this case requires some fine tuning. The consideration of the phase transitions in the two Higgs doublet model on 1-loop level can be found in [42, 43] .
The same strategy is applicable to the Minimal Supersymmetric Standard Model. If there is no breaking of colour and charge at high temperature (breaking is possible, in principle, since the theory contains squarks), then all degrees of freedom, excluding those belonging to the two Higgs doublet model, can be integrated out. We then return back to the case considered previously. The conclusion in this case is similar to the previous one, namely that the phase transition in MSSM can be described by a 3d SU(2)×U(1) gauge-Higgs model, at least in a part of the parameter space. A 1-loop analysis of this theory was carried out in [44, 45, 46] .
The procedure of dimensional reduction will give an infrared safe connection between the parameters of the underlying 4d theory and those of the 3d theory. The latter can then be studied by non-perturbative means, such as lattice Monte Carlo simulations [47, 48, 10, 49, 50] . 
